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Modal Logics of Some Hereditarily Irresolvable
Spaces
Robert Goldblatt
Abstract A topological space is hereditarily k-irresolvable if none of its subspaces
can be partitioned into k dense subsets, We use this notion to provide a topological
semantics for a sequence of modal logics whose n-th member K4Cn is characterised
by validity in transitive Kripke frames of circumference at most n. We show that un-
der the interpretation of the modality♦ as the derived set (of limit points) operation,
K4Cn is characterised by validity in all spaces that are hereditarily n+1-irresolvable
and have the TD separation property.
We also identify the extensions of K4Cn that result when the class of spaces
involved is restricted to those that are weakly scattered, or crowded, or openly irre-
solvable, the latter meaning that every non-empty open subspace is 2-irresolvable.
Finally we give a topological semantics for K4M, where M is the McKinsey axiom.
Key words: modal logic, Kripke frame, circumference, topological semantics, de-
rived set, resolvable space, hereditarily irresolvable, openly irresolvable, dense,
crowded, scattered space, Alexandrov topology.
2020Mathematics Subject Classication: 03B45, 54F99.
1 Introduction
One theme of this article is the use of geometric ideas in the semantic analysis of
logical systems. Another is the use of relational semantics in the style of Kripke.
Both themes feature prominently in the many-faceted research portfolio of Alas-
dair Urquhart. In the area of relevant logic he discovered how to construct certain
relational models of relevant implication out of projective geometries, and related
these to modular geometric lattices (1983, see also 2017). This led to his striking
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demonstration in (1984) that the main systems of relevant implication are unde-
cidable, and then to a proof in (1993) that these systems fail to satisfy the Craig
interpolation theorem. In the area of Kripke semantics for modal logics, in addition
to an early book (1971) with Rescher on temporal logics, his contributions have in-
cluded the construction in (1981) of a normal logic that is recursively axiomatisable
and has the finite model property but is undecidable; and the proof in (2015) that
there is a formula of quantified S5 which, unlike the situation of propositional S5,
is not equivalent to any formula of modal degree one. His article (1978) on topolog-
ical representation of lattices has been very influential. It assigned to any bounded
lattice a dual topological space with a double ordering, and showed that the orig-
inal lattice can be embedded into a lattice of certain ‘stable’ subsets of its dual
space. This generalised the topological representations of Stone (1936) for Boolean
algebras and Priestley (1970) for distributive lattices. It stimulated the develop-
ment of further duality theories for lattices, such as those of Hartung (1992, 1993),
Allwein and Hartonas (1993), Plosˇcˇica (1995) and Hartonas and Dunn (1997). The
structure of Urquhart’s dual spaces was exploited by Allwein and Dunn (1993) to
develop a Kripke semantics for linear logic, and by Dzik et al. (2006) to do likewise
for non-distributive logics with various negation operations. Urquhart’s article also
played an important role in the development of the important notion of a canoni-
cal extension. This was first introduced by Jo´nsson and Tarski (1951) for Boolean
algebras with operators, and is closely related to the notion of canonical model of a
modal logic. After several decades of evolution, Gehrke and Harding (2001) gave an
axiomatic definition of a canonical extension of any bounded lattice-based algebra,
showing that it is unique up to isomorphism. In proving that such an extension exists,
they observed that it can be constructed as the embedding of the original algebra into
the lattice of stable subsets of its Urquhart dual space (see Craig and Haviar 2014
for more on the relation between Urquhart’s construction and other manifestations
of canonical extensions).
The geometrical ideas of the present article come from topology. Our aim is to
provide a topological semantics for a sequence of modal logics that were originally
defined by properties of their binary-relational Kripke models. The n-th member of
this sequence is called K4Cn, and is the smallest normal extension of the logic K4
that includes an axiom scheme Cn which will be described below. It was shown in
(Goldblatt, 2019) that the theorems of K4Cn are characterised by validity in all fi-
nite transitive Kripke frames that have circumference at most n, meaning that any
cycle in the frame has length at most n, or equivalently that any non-degenerate
cluster has at most n elements. For n ≥ 1, adding the reflexivity axiom ϕ → ♦ϕ
to K4Cn gives the logic S4Cn which is characterised by validity in all finite reflex-
ive transitive Kripke frames that have circumference at most n. It was also shown
that S4Cn has a topological semantics in which any formula of the form♦ϕ is inter-
preted as the topological closure of the interpretation of ϕ . Under this interpretation,
S4Cn is characterised by validity in all topological spaces that are hereditarily n+1-
irresolvable. Here a space is called k-resolvable if it can be partitioned into k dense
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subsets, and is hereditarily k-irresolvable if none of its non-empty subspaces are
k-resolvable,
The interpretation of ♦ as closure, now known as C-semantics, appears to have
first been considered by Tang (1938). McKinsey (1941) showed that the formu-
las that are C-valid in all topological spaces are precisely the theorems of S4.
McKinsey and Tarski (1944, 1948) then undertook a much deeper analysis which
showed that S4 is characterised by C-validity in any given space that has a cer-
tain ‘dissectability’ property that is possessed by every finite-dimensional Euclidean
space, and more generally by any metric space that is crowded, or dense-in-itself,
i.e. has no isolated points. They also suggested studying an alternative topological
interpretation, now called d-semantics, in which ♦ϕ is taken to be the derived set,
i.e. the set of limit points, of the interpretation of ϕ . This d-semantics does not vali-
date the transitivity axiom♦♦ϕ →♦ϕ . That is d-valid in a given space iff the space
satisfies the TD property that every derived set is closed.
The logic K4C0 is in fact the Go¨del-Lo¨b provability logic, which is known to
have a topological characterisation by d-validity in all spaces that are scattered,
meaning that every non-empty subspace has an isolated point. The logic K4C1
was shown by Gabelaia (2004) to be characterised by d-validity in hereditarily 2-
irresolvable spaces. Such spaces satisfy the TD property, which however may not
hold in hereditarily k-irresolvable spaces for k > 2. The principal new result proven
here is that for n> 1, K4Cn is characterised by d-validity in all spaces that are both
hereditarily n+1-irresolvable and TD. Our proof adapts the argument of (Gabelaia,
2004) and also makes use of certain spaces that are n-resolvable but not n+ 1-
resolvable. These are provided by a construction of El’kin (1969b).
Sections 2 and 3 review the theory of relational and topological semantics for
modal logic that we will be using. Section 4 is the heart of the article: it discusses
hereditary irresolvability and gives the constructions that lead to our characterisa-
tion of K4Cn, Section 5 gives characterisations of some extensions of K4Cn that
correspond to further topological constraints.
2 Frames and Logics
Formulas ϕ ,ψ , . . . of propositional modal logic are constructed from some denu-
merable set of propositional variables by the Boolean connectives⊤,⊥, ¬, ∧, ∨,→
and the unary modalities♦ and. We write
∗ϕ as an abbreviation of the formula
ϕ ∧ϕ , and ♦
∗ϕ for ϕ ∨♦ϕ .
A frame F = (W,R) consists of a binary relation R on a set W . Each x ∈W
has the set R(x) = {y ∈W : xRy} of R-successors. A model M = (W,R,V ) on a
frame has a valuation function V assigning to each variable p a subset V (p) ofW .
The model then assigns to each formula ϕ a subset M (ϕ) ofW , thought of as the
set of points at which ϕ is true. These truth sets are defined by induction on the
formation of ϕ , putting M (p) =V (p) for each variable p, interpreting the Boolean
connectives by the corresponding Boolean operation on subsets ofW , and putting
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M (♦ϕ) = R−1M (ϕ) = {x ∈W : R(x)∩M (ϕ) 6= /0},
M (ϕ) = {x ∈W : R(x)⊆M (ϕ)}.
A formula ϕ is true in model M , written M |= ϕ , if M (ϕ) =W ; and is valid in
frame F , written F |= ϕ , if it is true in all models on F .
A normal logic is any set L of formulas that includes all tautologies and all in-
stances of the scheme K: (ϕ → ψ)→ (ϕ →ψ), and whose rules include
modus ponens and -generalisation (from ϕ inferϕ). The members of a logic L
may be referred to as the L-theorems. The set LC of all formulas valid in (all mem-
bers of) some given class C of frames is a normal logic. A logic is characterised by
validity in C , or is sound and complete for validity in C , if it is equal to LC . The
smallest normal logic, known as K, is characterised by validity in all frames.
A logic is transitive if it contains all instances of the scheme 4: ♦♦ϕ → ♦ϕ ,
which is valid in precisely those frames that are transitive, i.e. their relation R is
transitive. The smallest transitive normal logic, known as K4, is characterised by
validity in all transitive frames.
In a transitive frame F = (W,R), a cluster is a subset C ofW that is an equiv-
alence class under the equivalence relation {(x,y) : x = y or xRyRx}. The R-cluster
containing x isCx = {x}∪{y : xRyRx}. If x is irreflexive, i.e. not xRx, thenCx = {x},
and Cx is called a degenerate cluster. Thus if R is an irreflexive relation, then all
clusters are degenerate. If xRx, then Cx is non-degenerate. If C is a non-degenerate
cluster then it contains no irreflexive points and the relation R is universal onC and
maximally so. A simple cluster is non-degenerate with one element, i.e. a singleton
Cx = {x} with xRx.
The relation R lifts to a well-defined relation on the set of clusters by putting
CxRCy iff xRy. This relation is transitive and antisymmetric. A cluster Cx is final
if it is maximal in this ordering, i.e. there is no cluster C 6= Cx with CxRC. This is
equivalent to requiring that xRy implies yRx.
We take the circumference of a frame F to be the supremum of the set of all
lengths of cycles in F , where a cycle of length n ≥ 1 is a finite sequence x1, . . . ,xn
of distinct points such that x1R · · ·RxnRx1. The circumference is 0 iff there are no
cycles. In a transitive frame, the points of any cycle are R-related to each other and
are reflexive, and all belong to the same non-degenerate cluster. Conversely any fi-
nite non-empty subset of a non-degenerate cluster can be arranged (arbitrarily) into
a cycle. Thus if a finite transitive frame has circumference n ≥ 1, then n is equal to
the size of a largest non-degenerate cluster. The circumference is 0 iff the frame is
irreflexive, i.e. has only degenerate clusters. A finite transitive frame has circumfer-
ence at most n iff each of its non-degenerate clusters has at most n members.
Now given formulas ϕ0, . . . ,ϕn, define the formula Pn(ϕ0, . . . ,ϕn) to be
♦(ϕ1∧♦(ϕ2∧·· ·∧♦(ϕn∧♦ϕ0)) · · · )
provided that n > 1. For the case n = 0, put P0(ϕ0) = ♦ϕ0. Let Dn(ϕ0, . . . ,ϕn) be∧
i< j6n¬(ϕi ∧ϕ j) (for n = 0 this is the empty conjunction ⊤ ). Define Cn to be the
scheme
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
∗
Dn(ϕ0, . . . ,ϕn)→ (♦ϕ0 → ♦(ϕ0∧¬Pn(ϕ0, . . . ,ϕn)).
Let K4Cn be the smallest transitive normal logic that includes the scheme Cn. In
(Goldblatt, 2019, Theorems 1 and 4), the following were shown.
Theorem 1. For all n≥ 0,
(1) A transitive frame validates Cn iff it has circumference at most n and no strictly
ascending chains (i.e. no sequence {xm :m<ω} with xmRxm+1 but not xm+1Rxm
for all m).
(2) A finite transitive frame validates Cn iff it has circumference at most n.
(3) A formula is a theorem of K4Cn iff it is valid in all finite transitive frames that
have circumference at most n. ⊓⊔
The cases n = 0,1 were described in detail in (Goldblatt, 2019). K4C0 is equal
to the Go¨del-Lo¨b modal logic of provability, the smallest normal logic to contain
the Lo¨b axiom (ϕ → ϕ) → ϕ . It is characterised by validity in all finite
transitive frames that are irreflexive, i.e. all clusters are degenerate. K4C1 is equal
to the logic K4Grz, where Grz is the axiom
((p→ p)→ p)→ p.
This logic is characterised by validity in all finite frames whose clusters are all
singletons (which may individually be arbitrarily degenerate or simple).
3 Topological Semantics
We first review some of the topology that will be used to interpret modal formulas.
If X is a topological space, we do not introduce a symbol for the topology of X , but
simply refer to various subsets as being open or closed in X . If x ∈ X , then an open
neighbourhood of x is any open set that contains x. A subset of X intersects another
subset if the two subsets have non-empty intersection. If Y ⊆ X , then x is a closure
point of Y if every open neighbourhood of x intersects Y . The set of all closure
points of Y is the closure of Y , denoted ClX Y . It is the smallest closed superset of
Y in X . It has Y ⊆ ClX Y = ClX ClX Y . A useful fact is that if O is open in X , then
O∩ClX Y ⊆ ClX(O∩Y ). Y is called dense in X when ClX Y = X . This means that
every non-empty open set intersects Y .
We write IntX Y for the interior of Y in X , the largest open subset of Y . Thus
x ∈ IntX Y iff some open neighbourhood of x is included in Y .
Any subset S of X becomes a subspace of X under the topology whose open sets
are all sets of the form S∩O with O open in X . The closure operator ClS of the
subspace S satisfies ClSY = S∩ClX Y . Hence a set Y ⊆ S is dense in S, i.e. ClSY = S,
iff S ⊆ ClX Y .
A punctured neighbourhood of x is any set of the form O−{x} with O an open
neighbourhood of x. If Y ⊆ X , then x is a limit point of Y in X if every punctured
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neighbourhood of x intersects Y . The set of all limit points of Y is the derived set
of Y , which we denote DeX Y . (Other notations are Y
′, dY , and 〈d〉Y .) In general,
ClX Y = Y ∪DeX Y . Another useful fact is that if O is open in X , then O∩DeX Y ⊆
DeX(O∩Y ). If S is a subspace of X , then any Y ⊆ S has DeSY = S∩DeX Y .
A TD space is one in which the derived set DeX{x} of any singleton is closed,
which is equivalent to requiring that DeX DeX{x} ⊆ DeX{x}. This in turn is equiv-
alent to the requirement that any derived set DeX Y is closed, i.e. that DeX DeX Y ⊆
DeX Y for all Y ⊆ X (Aull and Thron, 1962, Theorem 5.1). The TD property is
strictly weaker than the T1 separation property thatDeX{x}= /0 in general, which is
itself equivalent to the requirement that any singleton is closed, and to the require-
ment that any two distinct points each have an open neighbourhood that excludes
the other point. The simplest example of a non-TD space is a two-element space
X = {x,y} with the indiscrete topology in which only X and /0 are open. It has
DeX{x}= {y} and DeX{y}= {x}.
Lemma 1. A space X is TD iff it has x /∈ ClX DeX{x} for all x ∈ X.
Proof. Since x /∈DeX{x} in general, if X is TD then x /∈ClX DeX{x} asClX DeX{x}=
DeX{x}. Conversely, since ClX{x} is a closed superset of DeX{x}, it includes
ClX DeX{x}, so we have ClX DeX{x} ⊆ ClX{x} = DeX{x}∪ {x}. Thus if x is not
in ClX DeX{x}, then ClX DeX{x} ⊆ DeX{x}, hence DeX{x} is closed. ⊓⊔
A topological model M = (X ,V ) on a space X has a valuation V assigning a
subset of X to each propositional variable. A truth set Md(ϕ) is then defined by
induction on the formation of ϕ by letting Md(p) =V (p), interpreting the Boolean
connectives by the corresponding Boolean set operations, and putting Md(♦ϕ) =
DeX(Md(ϕ)), the set of limit points of Md(ϕ). Then Md(ϕ) is determined by
the requirement that it be equal to Md(¬♦¬ϕ). This gives
• x ∈Md(♦ϕ) iff every punctured neighbourhood of x intersects Md(ϕ);
• x ∈Md(ϕ) iff there is a punctured neighbourhood of x included in Md(ϕ).
A formula ϕ is d-true in M , written M |=d ϕ , if Md(ϕ) = X ; and is d-valid in
space X , written X |=d ϕ , if it is d-true in all models on X . The set {ϕ : X |=d ϕ} of
all formulas that are d-valid in X is a normal logic, called the d-logic of X . It need
not be a transitive logic, because the scheme 4 is d-valid in X iff X is TD.
A point x is isolated in a space X if {x} is open in X . If X has no isolated points, it
is crowded (also called dense-in-itself ). This means that every point is a limit point
of X , i.e. DeX X = X . Thus X is crowded iff X |=d ♦⊤. A subset S is called crowded
in X if it is crowded as a subspace, i.e. DeS S = S, which is equivalent to requiring
that S ⊆ DeX S, and hence that ClX S = DeX S, since ClX S= S∪DeX S.
Lemma 2. Let O and S be subsets of X with O open. If S is dense in X then O∩S is
dense in O, and if S is crowded in X then O∩S is crowded in O.
Proof. If ClX S=X , thenO=O∩ClX S⊆ClX(O∩S), showing thatO∩S is dense in
O. If S is crowded, then O∩S ⊆O∩DeX S⊆ DeX(O∩S), so O∩S is crowded. ⊓⊔
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We now explain a relationship between d-validity and frame validity. Let F =
(W,R) be a transitive frame. There is an associated Alexandrov topology on W in
which the open subsets O are those that are up-sets under R, i.e. if w ∈ O and wRv
then v ∈ O. Call the resulting topological spaceWR. Let R
∗ = R∪{(w,w) : w ∈W}
be the reflexive closure of R. Then R∗ is a quasi-order, i.e. is reflexive and transitive,
and the topology ofWR has as a basis the sets R
∗(w) for all w ∈W , where R∗(w) =
{v : wR∗v}= {w}∪R(w).
A d-morphism from a spaceX toF is a function f :X→W that has the following
properties:
(i) f is a continuous and open function from X to the spaceWR.
(ii) If w ∈W is R-reflexive, then the preimage f−1{w} is crowded in X .
(iii) If w is R-irreflexive, then f−1{w} is a discrete subspace of X , i.e. each point
of f−1{w} is isolated in f−1{w}, or equivalently f−1{w}∩DeX f
−1{w}= /0.
In (i), f is continuous when the f -preimage of any open subset of WR is open in
X , while f is open when the f -image of any open subset of X is open in WR. The
importance of the notion of morphism is that a surjective d-morphism preserves
d-validity as frame validity, in the following sense.
Theorem 2 (Bezhanishvili et al. 2005, Cor. 2.9). If there exists a d-morphism from
X onto F , then for any formula ϕ , X |=d ϕ implies F |= ϕ . ⊓⊔
The interpretation of♦ byDe is sometimes called d-semantics (Bezhanishvili et al.,
2005). It has Md(♦
∗ϕ) = ClX(Md(ϕ)) and Md(
∗ϕ) = IntX(Md(ϕ)), because
ClX Y = Y ∪DeX Y . By contrast, C-semantics interprets ♦ as Cl, defining truth sets
MC(ϕ) inductively in a topological model M by putting MC(♦ϕ) = ClX (MC(ϕ))
and MC(ϕ) = IntX(MC(ϕ)). A formula ϕ is C-valid in X , written X |=C ϕ , iff
MC(ϕ) = X for all models M on X . InC-semantics there is no distinction in inter-
pretation between ♦ and ♦∗, or between and
∗.
A space is scattered if each of its non-empty subspaces has an isolated point,
i.e. no non-empty subset is crowded. This condition d-validates the Lo¨b axiom, and
hence d-validates the logic K4C0, since it is equal to the Go¨del-Lo¨b logic. In fact
K4C0 is characterised by d-validity in all scattered spaces, a result due to Esakia
(1981). It can be readily explained via the relational semantics. If ϕ is a non-theorem
of K4C0, then ϕ fails to be valid in some frame (W,R)withW finite and R irreflexive
and transitive. In such a frame, R−1Y is the derived set of Y in the Alexandrov space
WR, for any Y ⊆W . This implies that the relational semantics on (W,R) agrees with
the d-semantics onWR, in the sense that a formula is true at a point w in a relational
model (W,R,V ) iff it is d-true at w in the topological model (WR,V ). Hence ϕ is not
d-valid in the spaceWR. ButWR is scattered, since for any non-empty Y ⊆W there
is an R-maximal element w ∈ Y , i.e. wRv implies v /∈ Y , hence R∗(w) is an open
neighbourhood of w in WR that contains no member of Y other than w, making w
isolated in Y .
From now on we focus on the logics K4Cn with n≥ 1.
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4 Hereditary Irresolvability
A partition of a space X is, as usual, a collection of non-empty subsets of X , called
the cells, that are pairwise disjoint and whose union is X . It is a k-partition, where k
is a positive integer, if it has exactly k cells. A dense partition is one for which each
cell is dense in X . A crowded partition is one whose cells are crowded.
For k ≥ 2, a space is called k-resolvable if it has k pairwise disjoint non-empty
dense subsets. Since any superset of a dense set is dense, k-resolvability is equivalent
to X having a dense k-partition. X is k-irresolvable if it is not k-resolvable. It is
hereditarily k-irresolvable, which may be abbreviated to k-HI, if every non-empty
subspace of X is k-irresolvable. Note that if k≤ n, then an n-resolvable space is also
k-resolvable, since we can amalgamate cells of a dense partition to form new dense
partitions with fewer cells. Hence if X is k-HI, then it is also n-HI.
The prefix k- is usually omitted when k = 2. Thus a space is resolvable if it has
a disjoint pair of non-empty dense subsets, and is hereditarily irresolvable, or HI, if
it has no non-empty subspace that is resolvable.
Any HI space is TD. For convenience we repeat an explanation of this from
(Goldblatt, 2019). In general ClX{x} = {x}∪DeX{x} with x /∈ DeX{x} and {x}
dense in ClX{x}, while ClX DeX{x} ⊆ ClX{x}. But if X is HI, then ClX{x} is ir-
resolvable, so DeX{x} cannot be dense in ClX{x}, hence ClX DeX{x} can only be
DeX{x}, i.e. DeX{x} is closed.
On the other hand, a k-HI space need not be TD when k > 2. For instance, we
saw that a two-element indiscrete space is not TD, but since it has no 3-partition it
is k-HI for every k > 2.
Note than every scattered space is HI. For, in a scattered space any non-empty
subspaceY has an isolated point which will belong to one cell of any 2-partition ofY
and prevent the other cell from being dense, hence preventY from being resolvable.
It follows that every scattered space is TD. This is a topological manifestation of the
celebrated proof-theoretic fact that the transitivity axiom 4 is derivable from Lo¨b’s
axiom over K.
In (Goldblatt, 2019), the following results were proved for all n≥ 1, where S4Cn
is the smallest normal extension of K4Cn that includes the scheme ϕ → ϕ , or
equivalently ϕ → ♦ϕ .
1. A space X has X |=d Cn iff X |=C Cn iff X is hereditarily n+ 1-irresolvable.
2. If (W,R) is a finite quasi-order, then it has circumference at most n iff the space
WR is hereditarily n+ 1-irresolvable.
3. S4Cn is characterised byC-validity in all hereditarily n+1-irresolvable spaces,
i.e. a formula is a theorem of S4Cn iff it is C-valid in all hereditarily n+ 1-
irresolvable spaces. Moreover, S4Cn is characterised by C-validity in all finite
hereditarily n+ 1-irresolvable spaces.
4. K4Cn is not characterised by d-validity in any class of finite spaces.
The reason for the last result is that every finite space that d-validates K4 is scattered
and so d-validates the Lo¨b axiom, which is not a theorem of K4Cn when n≥ 1.
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Using the first result listed above we can infer that K4Cn is sound for d-validity
in all hereditarily n+1-irresolvable TD spaces. The main result of this paper is that,
conversely, K4Cn is complete for d-validity in all hereditarily n+ 1-irreducible TD
spaces (albeit not for d-validity in all the finite ones). To indicate how this will be
proved, note that by Theorem 1 we have that K4Cn is complete for d-validity in all
finite frames that validate K4Cn. So to show that K4Cn is complete for d-validity
in some class of spaces, it suffices by Theorem 2 to show that every finite K4Cn-
frames is a d-morphic image of some space in that class. For n = 1 this was done
by Gabelaia (2004) (see also Bezhanishvili et al. 2010), proving that K4C1 (in the
form K4Grz) is the d-logic of HI-spaces by showing that any finite K4C1-frame is
a d-morphic image of an HI space. A finite K4C1-frame has only singleton clusters,
and each non-degenerate one was replaced by an HI space to construct the desired
HI preimage. We will now generalise this construction to make it work for all n> 1
as well.
Suppose that F = (W,R) is finite and transitive. Let C be the set of R-clusters of
F . We define a collection {XC :C ∈ C } of spaces, with each XC having a partition
{Xw : w ∈C} indexed byC. IfC = {w} is a degenerate cluster, put XC = Xw = {w}
as a one-point space. ForC non-degenerate,withC= {w1, . . . ,wk} for some positive
integer k, take XC to be a copy of a space that has a crowded dense k-partition. Label
the cells of that partition Xw1 , . . . ,Xwk . We take XC to be disjoint from XC′ whenever
C 6=C′ (replacing spaces by homeomorphic copies where necessary to achieve this).
That completes the definition of the XC’s and the Xw’s.
Now let XF =
⋃
{XC : C ∈ C }, and define a surjective map f : XF → W by
putting f (x) = w iff x ∈ Xw. This entails that f
−1{w}= Xw and f
−1C = XC.
ForC,C′ ∈ C , writeCR↑C′ ifCRC′ but notC′RC, i.e.C′ is a strict R-successor of
C. Define a subset O⊆ XF to be open iff for all C ∈ C , O∩XC is open in XC and
if O∩XC 6= /0, then for all C
′ such thatCR↑C′, XC′ ⊆O.
It is readily checked that these open sets form a topology on XF . If B is an open
subset of XC, then OB = B∪
⋃
{XC′ : CR
↑C′} is an open subset of XF (this uses
transitivity of R↑), with OB∩XC = B. It follows that XC is a subspace of XF , i.e. the
original topology of XC is identical to the subspace topology on the underlying set
of XC inherited from the topology of XF .
Lemma 3. f is a d-morphism from XF onto F .
Proof. To show f is continuous it is enough to show that the preimage f−1R∗{w}
of any basic open subset of WR∗ is open in XF . If C is the R-cluster of w, then
R∗{w}=C∪
⋃
{C′ :CR↑C′}, so
f−1R∗{w}= f−1C∪
⋃
{ f−1C′ :CR↑C′}= XC∪
⋃
{XC′ :CR
↑C′},
which is indeed open in XF .
To show that f is an open map, we must show that if O is an open subset of XF ,
then f (O) is open in WR∗ , i.e. is an R-up-set. So, suppose w ∈ f (O) and wRv. We
want v ∈ f (O). LetC be the cluster of w. We have w= f (x) for some x ∈O∩XC. If
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v ∈C, then C is non-degenerate and Xv is dense in XC, so as O∩XC is open in XC,
there is some y ∈ Xv∩O. Then v= f (y) ∈ f (O). If however v /∈C, then the cluster
C′ of v has CR↑C′, hence XC′ ⊆ O. Taking any y ∈ Xv ⊆ XC′ gives v= f (y) ∈ f (O)
again. That completes the proof that f (O) is an R-up-set.
If w ∈ C is reflexive, then f−1{w} = Xw is crowded in XC, i.e. f
−1{w} ⊆
DeXC f
−1{w}. But DeXC f
−1{w} ⊆ DeXF f
−1{w}, since XC is a subspace of XF ,
so f−1{w}= Xw is crowded in XF .
Finally, if w is irreflexive, then f−1{w}= {w} is discrete in XF . ⊓⊔
Lemma 4. If XC is TD for all C ∈ C , then XF is TD.
Proof. By Lemma 1, a space X is TD iff it has x /∈ClX DeX{x} in general. If x ∈ XF ,
then x ∈ XC for some C. If XC is TD, then there is an open neighbourhoodO of x in
XC that is disjoint from DeXC{x}. As DeXC{x} = XC ∩DeXF {x}, O is disjoint from
DeXF {x}. Let O
′ =
⋃
{XC′ :CR
↑C′}. Then O′ is XF -open with x /∈ O
′, so no point
of O′ is a limit point of {x} in XF . Hence O∪O
′ is an XF -open neighbourhood of
x that is disjoint from DeXF {x}, showing that x /∈ ClXF DeXF {x}. ⊓⊔
Note that this result need not hold with T1 in place of TD. XF need not be T1
even when every XC is. For if CR
↑C′ with x ∈ XC and y ∈ XC′ , then every open
neighbourhood of x in XF contains y, so x ∈ ClXF {y}−{y}, showing that {y} is not
closed.
Lemma 5. If XC is n-HI for all C ∈ C , then XF is n-HI.
Proof. If XF is not n-HI, then it has some non-empty subspaceY that has n pairwise
disjoint subsets S1, . . . ,Sn that are each dense in Y , i.e. Y ⊆ ClXF Si. Since C is finite
and R↑ is antisymmetric, there must be a C ∈ C such that XC intersects Y and C is
R↑-maximal with this property. Thus XC∩Y 6= /0 but ifCR
↑C′ then XC′ ∩Y = /0. Then
putting O= XC ∪
⋃
{XC′ :CR
↑C′} gives O∩Y = XC ∩Y 6= /0.
Now O is XF -open, so O∩Y is a non-empty Y -open set, hence it intersects the
sets Si as they are dense in Y . Thus the sets {O∩Si : 1≤ i≤ n} are pairwise disjoint
and non-empty. They are also dense in XC ∩Y , as
XC ∩Y = O∩Y ⊆ O∩ClXF Si ⊆ ClXF (O∩Si),
with the last inclusion holding because O is XF -open. This shows that XC ∩Y is an
n-resolvable subspace of XC, proving that XC is not n-HI. ⊓⊔
To prove that K4Cn is characterised by d-validity in n+1-HI TD spaces, we want
to show that such spaces provide d-morphic preimages of all finite transitive frames
of circumference at most n. To achieve this, the work so far indicates that we need
to replace non-degenerate clusters by n+ 1-HI TD spaces that have crowded dense
k-partitions for various k ≤ n. So we need to show such spaces exist.
The literature contains several constructions of n-resolvable spaces that are not
n+ 1-resolvable. The most convenient one for our purposes is given by El’kin
(1969b). To describe it, first define E to be a space, based on the set ω of natural
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numbers, for which the set of open sets is U ∪{ /0} where U is some non-principal
ultrafilter on ω . This makes E a door space: every subset is either open or closed. It
is crowded, as no singleton belongs to U , and is T1 as every co-singleton ω −{x}
does belong to U . E has the special property that the intersection of any two non-
empty E-open sets is non-empty (infinite actually). This implies that any non-empty
open set is dense in E .
The closure properties of an ultrafilter also ensure that E is HI. For if a non-empty
subspace Y of E has a 2-partition, then either Y is open and so at least one cell of
the partition is open, which prevents the other cell from being dense in Y ; or else Y
is closed and so both cells are closed and hence neither is dense.
Now view ω×{1, . . . ,n} as the union of its disjoint subsets ω×{i} for 1≤ i≤ n.
Let Xn be the space based on ω ×{1, . . . ,n} whose non-empty open sets are all the
sets of the form
⋃
i≤n(Oi×{i})where eachOi is a non-empty open subset of E . This
definition does satisfy the axioms of a topology because of the special property of
E noted above. Put Si = ω×{i}. Then {Si : 1≤ i≤ n} is an n-partition of Xn that is
dense because every non-empty Xn-open set intersects every Si, so the cells are all
dense in Xn. Hence Xn is n-resolvable.
The intersection of any non-empty Xn-open set with Si is of the form Oi×{i}
with Oi open in E . It follows that Si as a subspace of Xn is a homeomorphic copy
of E , so inherits the topological properties of E , including being a door space that
is HI and having all its non-empty open subsets be dense. It also follows that the
non-empty open sets of Xn are all the sets of the form
⋃
i≤nO
′
i where each O
′
i is a
non-empty open subset of Si.
Si inherits from E the property that its non-empty open sets are infinite. This
implies that each Si is crowded in Xn, as is Xn itself.
Xn is also T1, since for any point (x, i) ∈ Xn the set
Xn−{(x, i)}= S1∪·· ·∪ [(ω −{x})×{i}]∪·· ·∪Sn
is open in Xn, so {(x, i)} is closed.
Xn is not n+ 1-resolvable. This is implied by several results in the literature,
including that of El’kin (1969a, Proposition 1), which states that a space is n+ 1-
irresolvable if has a dense n-partition with each cell having the property that each
of its crowded subspaces is irresolvable. Illanes (1996, Lemma 2) proves n+ 1-
irresolvability of any space that has an n-partition whose cells are openly irresolv-
able (OI), meaning that every non-empty open subspace is irresolvable. The most
general result of this type would appear to that of Eckertson (1997, Lemma 3.2(a)),
proving n+ 1-irresolvability of any space that is merely the union of n subspaces
that are each openly irresolvable. But it is instructive and more direct here to give a
proof for Xn that uses its particular structure.
Lemma 6. If A is a dense subset of Xn, then there exists an i≤ n such that A∩Si is
non-empty and open in Si.
Proof. Let A be dense. Suppose that the conclusion does not hold. Then for each
i ≤ n, if A∩ Si is non-empty then it is not open in Si, so is not equal to Si. Hence
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its complement Si− (A∩ Si) is non-empty, and open in Si as Si is a door space. If
A∩Si = /0, then Si− (A∩Si) is again non-empty and open in Si. Therefore the union⋃
i≤n[Si− (A∩Si)] is, by definition, a non-empty open subset of Xn. But this union
is Xn−A, so that contradicts the fact that A is dense. ⊓⊔
Now if Xn were n+ 1-resolvable, it would have n+ 1 subsets A1, . . . ,An+1 that
are pairwise disjoint and dense. Then by the lemma just proved, for each j ≤ n+ 1
there would be some i ≤ n such that A j ∩ Si is non-empty and open in Si, hence
is dense in Si as explained above. Hence by the pigeonhole principle there must be
distinct j,k≤ n+1 such that there is some i≤ nwith both subsets A j∩Si and Ak∩Si
dense in Si. But these subsets are disjoint, so that contradicts the irresolvability of
Si. Therefore Xn cannot be n+ 1-resolvable.
Theorem 3. For any n ≥ 1 there exists a non-empty crowded hereditarily n+ 1-
irresolvable T1 space Yn that has a crowded dense n-partition.
Proof. For any k> 1, every k-irresolvable space has a non-empty open subspace that
is k-HI, constructed as the complement of the union of all k-resolvable subspaces
(Eckertson, 1997, Prop. 2.1). So we apply this with k= n+1 to the n+1-irresolvable
space Xn just described to conclude that Xn has a non-empty open subspace Yn that
is n+ 1-HI. Yn inherits the T1 condition from Xn and, since Yn is open, it inherits
the crowded condition from Xn, and it intersects each of the dense sets Si. Also each
intersection S′i = Yn ∩ Si is crowded and dense in Yn, as Si is crowded and dense in
Xn and Yn is open. Thus {S
′
i : 1≤ i≤ n} is a crowded dense n-partition of Yn. ⊓⊔
Theorem 4. For any n ≥ 1, every finite K4Cn frame is a d-morphic image of an
hereditarily n+ 1-irresolvable TD space.
Proof. Let F be a finite K4Cn frame. F is transitive with circumference at most n.
We carry out the construction of the space XF as above.
For each non-degenerate cluster C of F , if C has k ≥ 1 elements, we take XC to
be a copy of the T1 space Yk of Theorem 3, and let {Xw : w ∈C} to be the crowded
dense k-partition of Yk provided by that theorem. Now k≤ n and Yk is k+1-HI, so it
is n+ 1-HI. Also any singleton subspace is n+ 1-HI, so we see that every subspace
XC of XF is n+ 1-HI. Hence XF is n+ 1-HI by Lemma 5.
Every subspace XC of XF , including the singleton ones, is T1, hence is TD. So
XF is TD by Lemma 4.
The d-morphism from XF onto F is provided by Lemma 3. ⊓⊔
Theorem 5. For any n ≥ 1, the logic K4Cn is characterised by d-validity in all
spaces that are hereditarily n+ 1-irresolvable and TD.
Proof. If a space X is n+1-HI and TD, then the d-logic of X includes the schemes 4
and Cn, so it includes K4Cn as the smallest normal logic to include these schemes.
Hence every theorem of K4Cn is d-valid in X .
For the converse direction, if a formula ϕ is not a theorem of K4Cn, then by
Theorem 1(3) there is a finite frame F that validates K4Cn but does not validate
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ϕ . By Theorem 4 F is a d-morphic image of some n+ 1-HI TD space X . Since
F 6|= ϕ , Theorem 2 then gives X 6|=d ϕ . Thus it is not the case that ϕ is d-valid in
all n+ 1-HI and TD spaces. ⊓⊔
As already noted, the case n= 1 of this result was given in (Gabelaia, 2004), and
in that case the TD condition is redundant, as hereditarily irresolvable spaces are
always TD.
5 Some Extensions of K4Cn
The D-axiom ♦⊤ is d-valid in a space X iff X = DeX X , i.e. iff X is crowded. In
general a space of the type XF need not be crowded, for if C is a degenerate final
cluster of F , then XC is an open singleton containing an isolated point of XF . But
we have shown in (Goldblatt, 2019, §7) that K4DCn is characterised by validity in
all finite transitive frames that have circumference at most n and all final clusters
non-degenerate. If F is such a frame, andC′ is any final cluster of F , then XC′ is a
crowded space of the type given by Theorem 3. Now any open neighbourhood of a
point x in XF includes an open set of the formOB = B∪
⋃
{XC′ :CR
↑C′}, where B is
an open neighbourhood of x in some subspace XC. IfC is final, then OB = B and XC
is crowded, so OB contains points other than x. If C is not final then there is a final
C′ with CR↑C′, so OB includes XC′ , which consists of points distinct from x. Thus x
is not isolated, showing that XF is crowded. This leads to the conclusion that
for n≥ 1, K4DCn is characterised by d-validity in all crowded TD spaces that
are hereditarily n+ 1-irresolvable.
At the opposite extreme are logics containing the constant formula
E : ⊥∨♦⊥.
This is d-valid in a space iff it is weakly scattered (Gabelaia, 2004, proof of Theorem
4.28). A space X is weakly scattered when its set of isolated points is dense in X . The
set of isolated points is X−DeX X , so X is weakly scattered iff ClX(X−DeX X) = X ,
i.e.
(X−DeX X)∪DeX (X−DeX X) = X .
This equation expresses the d-validity of ¬♦⊤∨♦¬♦⊤, which is equivalent to E.
K4ECn was shown in (Goldblatt, 2019, §7) to be characterised by validity in
all finite transitive frames that have circumference at most n and all final clusters
degenerate. If F is such a frame, and C′ is any final cluster of F , then XC′ is an
open singleton, as noted above. If a point x of XF belongs to XC where C is not
final in F , then there is a finalC′ with CR↑C′, so any open neighbourhood of x will
include XC′ and hence contain an isolated point. This shows that the isolated points
are dense in XF , and leads to the conclusion that
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for n ≥ 1, K4ECn is characterised by d-validity in all weakly scattered TD
spaces that are hereditarily n+ 1-irresolvable.
In Theorem 4 we could have replaced every non-degenerate cluster C by a copy
of the same space Yn, since its crowded dense n-partition can be converted into a
crowded dense k-partition for any k < n by amalgamating cells. But allowing XC
to vary with the size of C gives more flexibility in defining spaces. This is well
illustrated in the case of logics that include the well-studied McKinsey axiom M,
often stated as♦ϕ → ♦ϕ . We use the equivalent forms ♦(ϕ ∨¬ϕ) and
♦ϕ ∨♦¬ϕ .
It follows from (Bezhanishvili et al., 2003, Prop. 2.1) that in C-semantics, M
defines the class of openly irresolvable (OI) spaces (recall that these are the spaces in
which every non-empty open subspace is irresolvable). Equivalently, in d-semantics,
the scheme♦∗(
∗ϕ∨
∗¬ϕ) defines the class of OI spaces. We give a direct proof
of this.
Lemma 7. A space X is openly irresolvable iff X |=d ♦
∗(
∗ϕ ∨
∗¬ϕ) for all ϕ .
Proof. Suppose X 6|=d ♦
∗(
∗ϕ∨
∗¬ϕ) for some ϕ . Then there is a modelM on
X and a point of X that is not a closure point of Md((
∗ϕ ∨
∗¬ϕ), and so has
an open neighbourhoodU disjoint from this d-truth set. Let A = Md(ϕ). Then U
is disjoint from IntX A and from IntX (X −A), hence U is included in ClX A and in
ClX(X −A). ThusU ∩A and U ∩ (X −A) are dense subsets of the non-empty open
U , showing thatU is resolvable, and so X is not OI.
Conversely, assume X is not OI, so has a non-empty open subsetU which has a
subset A such that A and U −A are dense in U . Hence U is included in ClX A and
in ClX(U−A)⊆ ClX (X−A), so is disjoint from IntX A and from IntX (X−A). Take
a model M on X with A = Md(p) for some variable p. Then U is disjoint from
Md((
∗ p∨
∗¬p), so ♦∗(
∗ p∨
∗¬p) is d-false in M at any member of U ,
hence is not d-valid in X . ⊓⊔
Theorem 6. If X is crowded and OI, then X |=d M.
Proof. Let X be crowded and OI. Take any model M on X , any formula ϕ , and let
S = Md(
∗ϕ ∨
∗¬ϕ). Then S is open, as the union of two interiors, so as X is
crowded, it follows that S is crowded, hence ClX S = DeX S. Using this, and the fact
that Md(
∗ψ)⊆Md(ψ) for any ψ , we deduce that
Md(♦
∗(
∗
ϕ ∨
∗¬ϕ)) = Md(♦(
∗
ϕ ∨
∗¬ϕ))⊆Md(♦(ϕ ∨¬ϕ)).
As X is OI,♦∗(
∗ϕ∨
∗¬ϕ) is d-true in M by Lemma 7. Therefore by the above
inclusion, ♦(ϕ ∨¬ϕ) is d-true in M .
This shows that scheme M is d-valid in X . ⊓⊔
The converse of this result does not hold. For instance, a two-element indiscrete
space d-validates M but is resolvable, hence is not OI. What does hold is that in
d-semantics, M defines the class of crowded openly irresolvable spaces within the
class of TD spaces.
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Lemma 8. Let X be crowded and TD.
1. Any open neighbourhoodO of a point x in X includes an open neighbourhood O′
of x such that O′−{x} is non-empty and open.
2. If O is an open set in X, then O⊆ ClX S implies O⊆ DeX S, for any S⊆ X.
3. IntX ClX S = IntX DeX S for any S ⊆ X.
4. For any model M on X and formula ϕ ,
Md(♦
∗(
∗
ϕ ∨
∗¬ϕ)) = Md(♦(ϕ ∨¬ϕ)).
Proof. 1. Let x ∈ O with O open. Put O′ = O−DeX{x}. Since x /∈ DeX{x}, the
set O′ contains x, and is open because DeX{x} is closed by the TD condition. Then
O′−{x} is non-empty, since x is not isolated as X is crowded. Also O′−{x} =
O− (DeX{x}∪{x}) = O−ClX{x} which is open.
2. Let O ⊆ ClX S and x ∈ O. If U is any open neighbourhood of x, then so is
O∩U , hence by part 1 there is a non-empty open set O1 ⊆ O∩U with x /∈O1. Now
O∩S is dense in O, as O = O∩ClX S ⊆ ClX (O∩S). Therefore as O1 is open in O,
it intersects O∩S. As O1 ⊆U −{x}, we get thatU −{x} intersects S. This proves
that x is a limit point of S, as required.
3. Putting O = IntX ClX S in 2, we get that IntX ClX S is an open subset of DeX S,
hence is a subset of IntX DeX S. Conversely, IntX DeX S ⊆ IntX ClX S as DeX S ⊆
ClX S.
4. It was shown in the proof of Theorem 6, just using the fact that X is crowded,
that the left truth set is included in the right one. For the reverse inclusion, working in
the model M , suppose ♦(ϕ ∨¬ϕ) is true at some point x. Then so is ♦ϕ ∨
♦¬ϕ , hence so is one of ♦ϕ and ♦¬ϕ . If ♦ϕ is true at x, then so is
♦
∗
ϕ , hence
∗
♦¬ϕ is false at x. By part 3, Md(
∗
♦¬ϕ) = Md(
∗
♦
∗¬ϕ),
so then
∗♦∗¬ϕ is false at x, hence ♦∗
∗ϕ is true at x.
Similarly, if ♦¬ϕ is true at x, then so is ♦
∗

∗¬ϕ . Since ♦ϕ ∨♦¬ϕ
is true at x, so then is ♦∗
∗ϕ ∨♦∗
∗¬ϕ , hence so is ♦∗(
∗ϕ ∨
∗¬ϕ), as
required to prove the inclusion from right to left. ⊓⊔
Theorem 7. If X is a TD space and X |=d M, then X is crowded and openly irre-
solvable.
Proof. Let X be TD space and X |=d M. Then X d-validates ♦(⊤∨¬⊤). But
this formula d-defines DeX X in any model on X , so DeX X = X , i.e. X is crowded.
We now have that X is crowded and TD, and any formula of the form ♦(ϕ ∨
¬ϕ) is d-valid on X , i.e. d-true in all models on X . But then by Lemma 8.4,
♦∗(
∗ϕ ∨
∗¬ϕ) is d-valid in X . Hence X is OI by Lemma 7. ⊓⊔
Theorems 6 and 7 combine to give
Corollary 1. If X is TD, then X |=d M iff X is crowded and openly irresolvable.
Hence if X is TD and crowded, then X |=d M iff X is openly irresolvable iff X |=C M.
⊓⊔
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K4MCn was shown in (Goldblatt, 2019, §7) to be characterised by validity in
all finite transitive frames that have circumference at most n and all final clusters
simple. If F is such a frame, XF is n+ 1-HI and TD, as shown in the proof of
Theorem 4. All final clusters of F are non-degenerate, which is enough to ensure
that XF is a crowded space, as explained in our discussion of K4DCn.
Lemma 9. XF is openly irresolvable.
Proof. Let O be any non-empty open subset of XF . Then O∩XC 6= /0 for some clus-
ter C of F . Put B= O∩XC. Then OB = B∪
⋃
{XC′ :CR
↑C′} is a non-empty subset
of O that is open in XF . IfC is final, then since it is a non-degenerate singleton, XC
is a copy of the El’kin space E , and also OB = B ⊆ XC. If however C is not final,
there is a final C′ withCR↑C′. Then XC′ ⊆ OB and XC′ is open in XF .
So in any case we see that O has a non-empty open subset O′ (either OB or XC′ )
that is included in a subspace X ′ (either XC or XC′ ) that is a copy of E and hence
is HI. Hence O′ is irresolvable. Now if O had a pair of disjoint dense subsets, then
these subsets would intersect the open O′ in a pair of disjoint dense subsets of O′,
contradicting irresolvability of O′. Therefore O is irresolvable as required. ⊓⊔
Altogether we have now shown that XF is TD, crowded, OI, and n+ 1-HI, which
implies that it d-validates K4MCn. We conclude that
for n ≥ 1, K4MCn is characterised by d-validity in all TD spaces that are
crowded, openly irresolvable, and hereditarily n+ 1-irresolvable.
When n= 1, this can be simplified, since an HI space is always OI and TD. Thus the
logic K4MC1 is characterised by d-validity in the class of all crowded HI spaces, as
was shown by Gabelaia (2004) with K4MC1 in the form K4MGrz. But the class
of crowded HI spaces characterises K4DC1, as shown above. Therefore K4MC1 is
identical to the ostensibly weaker K4DC1. This can also be seen quite simply from
our relational completeness result for K4DC1. In a finite K4DC1-frame, any final
cluster is a singleton by validity of C1 and is non-degenerate by validity of D, so
all final clusters are simple, making the frame validate M. Thus M is a theorem of
K4DC1.
We can also deal with the logic K4M, which is characterised by finite transitive
frames in which all final clusters are simple (Chagrov and Zakharyaschev, 1997,
§5.3). The space XF can be constructed without assuming that F has any bound
on its circumference. If F validates K4M, then XF will be TD, crowded and OI, so
will d-validate K4M. From this we can conclude that
K4M is characterised by d-validity in all TD spaces that are crowded and
openly irresolvable.
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